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Abstract
Hyper-Wiener index was introduced as one of the main generalizations of the well known
Wiener index. Through the years properties of theWiener index have been extensively studied in
both Mathematics and Chemistry. The Hyper-Wiener index, although received much attention,
is far from being thoroughly examined due to its complex definition. We consider the local
version of the Hyper-Wiener index (WW (G)), defined as wwG(v) =
∑
u∈V (G)
(d2(u, v) + d(u, v))
for a vertex v in a graph G, in trees. For established results on the Wiener index (W (.)), we
present analogous studies on WW (.). In addition to interesting observations, some conjectures
and questions are also proposed.
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1 Introduction
The so called topological indices are popular descriptors of structural information that have been
vigorously studied. One of the most well known such indices is the Wiener index, defined as
W (G) =
1
2
∑
v∈V (G)
∑
u∈V (G)
d(u, v) =
1
2
∑
v∈V (G)
wG(v). (1)
Here wG(v) =
∑
u∈V (G)
d(u, v) is generally considered as the distance function of a vertex, serving as
the local version of the W (.) function. Although this concept is generally known as named after
∗This work is supported by National Natural Science Foundation of China (Nos.11531001 and 11271256), The
Joint Israel-China Program (No.11561141001), Innovation Program of Shanghai Municipal Education Commission
(No.14ZZ016), Specialized Research Fund for the Doctoral Program of Higher Education (No.20130073110075), Simons
Foundation (No.245307) and Training program of Lishui (No.2014RC34).
†Corresponding author (E-mail address: xiaodong@sjtu.edu.cn)
1
the chemist Harry Wiener [12], the study of distance in graphs has long been of interest from pure
mathematical point of view, see survey [4, 13].
Since many of the applications of topological indices and in particular the Wiener index deal
with acyclic structures, the properties of the Wiener index and the local distance function of trees
have been extensively studied [1, 2, 4, 6, 14]. Barefoot et al. [2] determined extremal values of
wT (w)/wT (u), wT (w)/wT (v), W (T )/wT (v), and W (T )/wT (w), where T is a tree on n vertices, v
is in the centroid of the tree T , and u,w are leaves in T . Recently, analogous questions have been
considered for the number of subtrees [8, 9] and distance between leaves [10]. The resulted extremal
trees are very similar to those of the Wiener index. In addition, the “middle part” of a tree such as
center [6], centroid [6, 14], leaf-centroid [11] of the tree has historically been of interest from both
practical and theoretical points of view.
The Hyper-Wiener index was introduced as one of the most important generalizations of the
Wiener index [7], defined as
WW (G) =
∑
{u,v}⊆V (G)
(
d(u, v) + 1
2
)
=
1
4
∑
v∈V (G)
wwG(v), (2)
where wwG(v) =
∑
u∈V (G)
(d2(u, v) + d(u, v)). Let SG(v) =
∑
u∈V (G)
d2(u, v), then wwG(v) = wG(v) +
SG(v). Due to the rather complex definition, the properties of WW (.) and wwG(.) are far from
being sufficiently studied.
Among the limited analogous results between W (.) and WW (.) [3, 5, 15], it is observed that
these two functions behave in rather similar ways. Motivated by W (.) and w(.), in this paper we
focus on wwT (.) of trees and present studies analogous to those of wT (.). It is not surprising to see
that the analysis of wwT (.) is much more complicated than wT (.) in most cases. In addition to some
interesting observations, we also propose some conjectures and questions.
2 “Middle part” of a tree
It seems that the examination of the “middle part” of a tree first started from [6], where WT (.)
was introduced in an equivalent form through branch weight. A maximal subtree containing a vertex
v of a tree T as an end vertex is called a branch of T at v. The weight of a branch B, denoted by
bw(B), is the number of edges in it. The centroid of a tree T , denoted by C(T ), is the set of vertices
v of T for which the maximum branch weight at v is minimized.
Jordan [6] has characterized the properties of the centroid of a tree as follows.
Theorem 2.1 [6] If C = C(T ) is the centroid of a tree T of order n then one of the following holds:
(i) C =: {c} and bw(c) ≤ (n− 1)/2,
(ii) C =: {c1, c2} and bw(c1) = bw(c2) = n/2.
In both cases, if v ∈ V (T )\C, then bw(v) > n/2.
Remark 2.2 In the context of wT (.), the centroid C(T ) of a tree is the set of vertices with minimum
wT (.) value and it is well known that C(T ) contains one or two adjacent vertices.
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With respect to wwT (.), we define the hyper-centroid of a tree T , denoted by Cw(T ), as the set
of vertices in T minimizing wwT (.). The hyper-centroid is the natural analogue of the well-known
concepts of center and centroid of a tree. First we show the following observation on wwT (.).
Proposition 2.3 For any three vertices x, y, z ∈ V (T ) such that xz, yz ∈ E(T ), we must have
2wwT (z) < wwT (x) + wwT (y).
Proof. Consider the connected components Tx, Ty and Tz in T − {xz, yz} that contain x, y and z,
respectively. See Figure 1.
x yz
Tx Ty
Tz
Figure 1: The vertices x, y, z and the subtrees Tx, Ty, Tz.
Through examining the distance from a vertex to the vetices in these components we have
wwT (x) =
∑
p∈V (Tx)
(d2(x, p)+d(x, p))+
∑
p∈V (Tz)
(d2(z, p)+3d(z, p)+2)+
∑
p∈V (Ty)
(d2(y, p)+5d(y, p)+6),
wwT (y) =
∑
p∈V (Ty)
(d2(y, p)+d(y, p))+
∑
p∈V (Tz)
(d2(z, p)+3d(z, p)+2)+
∑
p∈V (Tx)
(d2(x, p)+5d(x, p)+6)
and
wwT (z) =
∑
p∈V (Tz)
(d2(z, p)+d(z, p))+
∑
p∈V (Tx)
(d2(x, p)+3d(x, p)+2)+
∑
p∈V (Ty)
(d2(y, p)+3d(y, p)+2).
Direct calculations then yield
wwT (x) + wwT (y)− 2wwT (z) = 2

|V (Tx)|+ |V (Ty)|+ 2 ∑
p∈V (Tz)
(d(z, p) + 1)

 > 0.
Proposition 2.3 implies that ww(.) is strictly convex along any path of T . As an immediate
consequence, we have
Corollary 2.4 Given a tree T :
(i) on any path of T , there are at most two adjacent vertices with the smallest wwT (.).
(ii) on any maximum path of T , the largest wwT (.) is obtained at a leaf.
In return, Corollary 2.4 yields the following statement for Cw(T ) analogous to that for C(T ).
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Theorem 2.5 The subgraph induced by Cw(T ) is either a single vertex or two vertices joined by an
edge.
Proof. For any two vertices in Cw(T ), say u and v, they are on a common path in T and hence must
be adjacent to each other by part (i) of Corollary 2.4. Thus Cw(T ) induces a complete subgraph,
which is not possible in a tree T if |Cw(T )| ≥ 3.
As an important part of studies on wT (.) and C(T ), the following fact analogous to Theorem 2.1
has been frequently used.
Proposition 2.6 For a vertex v ∈ C(T ) and a vertex u adjacent to v, we must have
nvu(v) ≥ nvu(u), (3)
where nvu(v) (nvu(u)) denotes the number of vertices closer to v (u) than u (v) in T , with equality
if and only if u ∈ C(T ).
When the similar property is considered for wwT (.) and Cw(T ), we have the following.
Theorem 2.7 Let T be a tree of order n. For two adjacent vertices u, v ∈ V (T ), we have
wwT (v) − wwT (u) = 2(wTu(u)− wTv (v) + |V (Tu)| − |V (Tv)|).
Moreover, if v ∈ Cw(T ), we must have
nvu(v) + wTv (v) ≥ nvu(u) + wTu(u),
where Tv (Tu) is the connected component containing v (u) in T − uv, with equality if and only if
u ∈ Cw(T ).
Proof. From the definition we have
wwT (v) =
∑
w∈V (Tv)
(d2(v, w) + d(v, w)) +
∑
w∈V (Tu)
(d2(v, w) + d(v, w))
and
wwT (u) =
∑
w∈V (Tu)
(d2(u,w) + d(u,w)) +
∑
w∈V (Tv)
(d2(u,w) + d(u,w)).
Then
wwT (v)− wwT (u) =
∑
w∈V (Tv)
(d(v, w) − d(u,w))(d(v, w) + d(u,w) + 1)
+
∑
w∈V (Tu)
(d(v, w) − d(u,w))(d(v, w) + d(u,w) + 1)
= −
∑
w∈V (Tv)
(d(v, w) + d(u,w) + 1) +
∑
w∈V (Tu)
(d(v, w) + d(u,w) + 1)
= −
∑
w∈V (Tv)
(2d(v, w) + 2) +
∑
w∈V (Tu)
(2d(u,w) + 2)
= 2(wTu(u)− wTv (v) + |V (Tu)| − |V (Tv)|)
= 2(wTu(u)− wTv (v) + nvu(u)− nvu(v)).
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Given that v ∈ Cw(T ) and hence wwT (v) ≤ wwT (u), we have
nvu(v) + wTv (v) ≥ nvu(u) + wTu(u)
with equality if and only if u ∈ Cw(T ).
3 Distance between C(T ) and Cw(T )
Given Theorem 2.5 for Cw(T ) and the similar statement for C(T ), it is interesting to explore
their relations. It is easy to find trees (such as the star and the path) where Cw(T ) = C(T ). But
in general these two middle parts are not the same. A natural question is how far apart can Cw(T )
and C(T ) be in a tree on n vertices. We consider exactly this question in this section.
Definition 3.1 An r-comet or order n, denoted by T (n, r), is a tree resulted from identifying the
center of a star on n− r + 1 verties with one end vertex of a path on r vertices (Figure 2).
. . .︸ ︷︷ ︸
r vertices
Figure 2: An r-Comet T (n, r)
Theorem 3.2 For a tree T on n vertices with v ∈ Cw(T ) and u ∈ C(T ),
min d(v, u) ≤
⌊
n− 1
8
⌋
when n is odd, with equality achieved when T is a n+12 -comet; and
min d(v, u) ≤
⌊
n2 − 2n− 8
8n+ 8
⌋
when n is even, with equality achieved when T is a n2 -comet.
Proof. Let d(v, u) = x be the minimum distance between vertices in Cw(T ) and C(T ), and denote
by Tv (Tu) the connected component containing v (u) in the graph resulted from removing edges on
the path connecting v and u (Figure 3).
v u
Tv Tu. . .︸ ︷︷ ︸
x−1 vertices
Figure 3: The vertices v, u and the subtrees Tv, Tu
First consider the case of odd n, (3) implies that
|V (Tu)| ≥ |V (T − Tu)|+ 1 (4)
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and Theorem 2.7 implies that
|V (Tv)|+ wTv (v) > |V (T − Tv)|+ wT−Tv (w), (5)
where w is the neighbor of v on the path connecting v and u.
Let y = |V (Tv)|, we have (
y
2
)
≥ wTv (v)
with equality if and only if Tv is a path. On the other hand, we have
|V (T − Tv)| ≥ |V (Tu)|+ x− 1 ≥ |V (T − Tu)|+ 1+ (x− 1) ≥ y + (x− 1) + 1 + (x− 1) = 2x+ y − 1
from (4), with equality if and only if every vertex on the path connecting v and u is of degree 2 and
|V (Tu)| = |V (T − Tu)|+ 1 = x+ y; and
wT−Tv (w) ≥
(
x
2
)
+ x(|V (Tu)| − 1) ≥
(
x
2
)
+ x(x+ y − 1)
with equality if and only if every vertex on the path connecting v and u is of degree 2, Tu is a star,
and |V (Tu)| = |V (T − Tu)|+ 1 = x+ y. Hence from inequality (5) we have
y+
(
y
2
)
≥ |V (Tv)|+wTv(v) ≥ |V (T−Tv)|+wT−Tv (w)+1 ≥ (2x+y−1)+
(
x
2
)
+x(x+y−1)+1 (6)
with possible equality only if Tu is a star, T − Tu is a path, and |V (Tu)| = |V (T − Tu)|+ 1 = x+ y.
Letting x+ y = z, (6) is equivalent to
x ≤ z
2 − z
4z
=: f(z).
It is easy to check f ′(z) = 14 > 0 and hence f(z) achieves its maximum when z = x+ y = |V (Tu)| =
n+1
2 . Hence
maxx =
⌊
n− 1
8
⌋
when n is odd and T is a n+12 -comet.
Following the same argument, if n is even, we have
|V (Tu)| ≥ |V (T − Tu)|+ 2
and
y +
(
y
2
)
≥ (2x+ y) +
(
x
2
)
+ x(x+ y) + 1
with possible equality only if Tu is a star, T −Tu is a path, and |V (Tu)| = |V (T −Tu)|+2 = x+y+1.
This simplifies to
x ≤ z
2 − z − 2
4z + 2
maximized when z = x+ y = |V (Tu)| − 1 = n2 . Hence
maxx =
⌊
n2 − 2n− 8
8n+ 8
⌋
when n is even and T is a n2 -comet.
6
4 Extremal ratios
As it was established that the minimum wT (.) is obtained at the centroid vertices and the
maximum wT (.) is obtained at a leaf, the extremal values of
wT (w)
wT (u)
and wT (w)
wT (v)
(where v ∈ C(T ),
u and w are leaves) have been studied in [2] along with other extremal ratios. Similarly, we have
already seen that the minimum wwT (.) is obtained at the hyper-centroid vertices and the maximum
wwT (.) is obtained at a leaf. In this section we explore the extremal values of the analogous ratios
wwT (w)
wwT (u)
and wwT (w)
wwT (v)
where v ∈ Cw(T ), u and w are leaves. These questions turned out to be rather
complicated and we propose some questions.
4.1 Extremal values of wwT (w)/wwT (u) where u and w are leaves
We start with the following simple observation.
Proposition 4.1 Let T be a tree with leaves u and w such that the maximum wwT (w)
wwT (u)
is achieved.
Then all internal vertices on the path connecting u and w, except possibly for the neighbor of u, must
be of degree 2.
Proof. Let T be a tree with leaves w and u such that wwT (w)
wwT (u)
is maximized among all trees on n
vertices. Let u = u0u1 · · ·ur = w be the u-w path in T and note that 2 ≤ r ≤ n− 1.
Suppose, for contradiction, that for some 2 ≤ i ≤ r − 1, the vertex ui has a neighbor x different
from ui−1 and ui+1. Let T
′ be the tree obtained from T by deleting xui and adding xui−1, i.e.,
T ′ = T − xui + xui−1. It is easy to see that wwT ′ (w) > wwT (w) and wwT ′ (u) < wwT (u), then
wwT ′ (w)
wwT ′ (u)
>
wwT (w)
wwT (u)
,
a contradiction.
With Proposition 4.1, let TB denote the connected component containing u1 after removing all
edges on the u-w path. See Figure 4.
u u1 ur−1 w
TB
. . .
Figure 4: The vertices u, w and the subtrees TB.
Then applying Theorem 2.7 (repeatedly) yields
wwT (u) = wwT (u1) + 2[WTB (u1) + r(r − 1)/2 + n− 2]
and
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wwT (w)
=wwT (u1) + 2(r − 1)wTB (u1) + 2
r−1∑
j=2
d(u1, uj)|V (TB)|+ 2
r−2∑
k=2
r−1∑
j=k+1
d(uk, uj)
+ 2
r−1∑
j=1
d(u0, uj)− 2
r∑
k=2
r∑
j>k
d(uk, uj) + 2(r − 1)(n− r)
=wwT (u1) + 2[(r − 1)wTB (u1) + (r − 1)(nr − r2 + 2)/2].
Hence
wwT (w)
wwT (u)
=
wwT (u1) + 2[(r − 1)wTB (u1) + (r − 1)(nr − r2 + 2)/2]
wwT (u1) + 2[wTB (u1) + r(r − 1)/2 + n− 2]
= 1 + 3
2(r − 2)wTB (u1) + (r − 1)(nr − r2 − r + 2)− 2(n− 2)
9wTB (u1) + 3STB (u1) + 6(n− 1) + (r + 4)r(r − 1)
.
The above formula allows quick computation of the ratio based on the information of TB alone.
Computation results based on this formula suggests the following, which we post as a question.
Question 4.2 For leaves w and u in a tree T of order n ≥ 8, let the integers k ≥ 1 and s be defined
by 4n = k2 + s, 0 ≤ s ≤ 2k. Is it true that
wwT (w)
wwT (u)
≤ 1 + 3(r − 1)[−r
2 + (n− 3)r + 2n] + 2r − 4n+ 6
(r + 4)r(r − 1) + 6(3n− 2r − 3) ,
where
r =
{
⌊2√n⌋ − 2, 0 ≤ s ≤ k − 6,
⌊2√n⌋ − 1, k − 5 ≤ s ≤ 2k,
with equality when T = T (n, r)?
As examples, Table 1 shows the structures of extremal trees for small n. Note that when n = 7,
the extremal tree T1 is obtained from P6 by joining one of its middle vertices to an additional leaf.
It is interesting to see that in this case (unlike all other extremal structures) the u-w path does not
form the diameter of the tree.
4.2 Extremal values of wwT (w)/wwT (v) where w is leaf and v ∈ Cw(T )
Similar to the previous section, we have
Proposition 4.3 Let T be a tree with v ∈ Cw(T ) and leaf w such that the maximum wwT (w)wwT (v) is
achieved. Then all internal vertices on the path connecting u and w must be of degree 2.
Proof. Assume that T is a tree on n vertices with leaf w and v ∈ Cw(T ) such that wwT (w)wwT (v) is
maximized. Let w = w0w1 · · ·wr−1 = v be the w-v path in T .
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n Graph Value Structure of extremal trees with order n
2 P2 1 • •
3 P3 1 • • •
4 P4, S4 1 • • • •• •
•
•
5 T (5, 3) 16/13 • • • •
•
6 T (6, 3) 11/8 ❅• • • •
••
7 T1 45/29
u
w• • • • • •
•
8 T (8, 4) 50/29 ❅ • • • • •
•• •
9 T (9, 4) 15/8 ❅ ❍❍• • • • •
••• •
10 T (10, 5) 95/47 ❅ ❍❍• • • • • •
••• •
Table 1: The extremal trees of order n with maximum value of wwT (w)
wwT (u)
Suppose, for contradiction, that r ≥ 2 and for some 1 ≤ i ≤ r − 2, wi has a neighbor u different
from wi−1 and wi+1. Let T
′ = T − uwi + uwi+1, it is easy to see that wwT ′ (w) > wwT (w) and
wwT ′ (v) < wwT (v). Hence
wwT ′ (w)
wwT ′ (v′)
≥ wwT ′(w)
wwT ′ (v)
>
wwT (w)
wwT (v)
where v′ (possibly equal to v) is in Cw(T
′), a contradiction.
Now let TB be the connected component containing v after removing all edges on the v-w path.
Similar computation as the previous section yields
wwT (w)
wwT (v)
= 1 +
2(r − 1)wTB (v) + (r − 1)r(n− r)
r(r2−1)
3 + wTB (v) + STB (v)
.
Once again our computation leads to the following:
Question 4.4 If T is a tree of order n ≥ 2 with leaf w and v ∈ Cw(T ), is it true that
wwT (w)
wwT (v)
≤ −2r
3 + 3nr2 − 3r2 + 3nr − r
r3 − 7r + 6n , (7)
where
r =
{
⌊√2n⌋ − 1, 0 ≤ s ≤ k − 4,
⌊√2n⌋, k − 3 ≤ s ≤ 2k,
with equality when T = T (n, r)?
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n Graph Value Structure of extremal trees with order n
2 P2 1 • •
3 P3 2 • • •
4 S4 7/3 • • •
•
5 T (5, 3) 8/3 • • • •
•
6 T (6, 3) 22/7 ❅• • • •
••
7 T (7, 3) 7/2 ❅ • • • •
•• •
8 T (8, 3) 34/9 ❅ ❍❍• • • •
•• ••
9 T (9, 4), T (9, 3) 4 ❅ ❍• • • • •
••• • • • • •❅ ❍✟
••• ••
10 T (10, 4) 35/8 ❅ ❍❍ ✟✟• • • • •
••• ••
Table 2: The extremal trees of order n with maximum value of wwT (w)
wwT (v)
.
Table 2 presents such extremal trees for small n. Note that such extremal structures are not
necessarily unique, as can be seen from the case of n = 9.
Remark 4.5 It should be noted that, for small values of n, the extremal trees proposed (and con-
firmed by our computational results) in Questions 4.2 and 4.4 are exactly the same as those found
with respect to the Wiener index in [2].
We skip the similar details of our unsuccessful attempt at finding the minimum wwT (w)/wwT (v),
leaving the following question:
Question 4.6 Let T be a tree of order n ≥ 7 with leaf w and v ∈ Cw(T ), is the minimum value of
wwT (w)
wwT (v)
achieved by the tree T formed from a path with a pendent edge in the “middle”?
We use Table 3 to provide such extremal structures for small n. Note that when n = 4 and
n = 6, P4 and T (6, 4) minimize
wwT (w)
wwT (v)
, respectively.
5 Concluding remark and other observations
We have explored questions on wwT (.) similar to those studied for wT (.). It appears that such
questions are generally more complicated than their analogues with respect to wT (.). This can also
be seen from the following attempt to generalize Jordan’s Theorem 2.1. The proof is simple but the
statement is certainly not as neat as that of Jordan’s.
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n Value Extremal structures with order n
2 1 • •
3 2 • • •
4 2 • • • •
5 13/6 • • • •
•
6 23/11 • • • • •
•
7 29/15 • • • • • •
•
8 39/21 • • • • • • •
•
9 54/31 • • • • • • • •
•
10 69/41 • • • • • • • • •
•
Table 3: The extremal trees of order n with minimum value of wwT (w)
wwT (v)
.
Proposition 5.1 Let v be in the hyper centroid of a tree T of order n ≥ 3, v1, v2, · · · , vl be the
neighbors of v and T1, T2, · · · , Tl be the connected components of T − v with orders n1, n2, · · · , nl,
respectively. Then for each 1 ≤ i ≤ l, the inequality∑
y∈V (T−Ti)
dT (v, y) + n− ni ≥
∑
x∈V (Ti)
dT (v, x)
holds. In addition,
ni ≤ 1
2
∑
y∈V (T−Ti)
dT (v, y) +
n
2
if
∑
x∈V (Ti)
dT (v, x) ≥ ni.
Proof. Note that for any i, wwT (v) ≤ wwT (vi) and
wwT (vi) =
∑
z∈V (T )
[dT (vi, z) + d
2
T (vi, z)]
=
∑
x∈V (Ti)
[dT (vi, x) + d
2
T (vi, x)] +
∑
y∈V (T−Ti)
[dT (vi, y) + d
2
T (vi, y)]
=
∑
x∈V (Ti)
[dT (v, x) − 1 + (dT (v, x)− 1)2] +
∑
y∈V (T−Ti)
[dT (v, y) + 1 + (dT (v, y) + 1)
2]
=
∑
x∈V (Ti)
[d2T (v, x) − dT (v, x)] +
∑
y∈V (T−Ti)
[d2T (v, y) + 3dT (v, y) + 2]
= wwT (v) + 2
∑
y∈V (T−Ti)
dT (v, y)− 2
∑
x∈V (Ti)
dT (v, x) + 2(n− ni).
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Hence ∑
y∈V (T−Ti)
dT (v, y) + n− ni ≥
∑
x∈V (Ti)
dT (v, x).
In addition, if
∑
x∈V (Ti)
dT (v, x) ≥ ni, we have
ni ≤ 1
2
∑
y∈V (T−Ti)
dT (v, y) +
n
2
.
It is also rather straightforward to deduce a recursive formula for wwT (.). For a tree T with
order n ≥ 3 with root v of degree k, let vi, Ti and ni be defined as before for 1 ≤ i ≤ k. Then we
have
Proposition 5.2 Let T be a tree with order n ≥ 3, whose structure is described as above. Then
wwT (v) = 2(n− 1) + 2
k∑
i=1
wTi(vi) +
k∑
i=1
wwTi (vi).
Proof. For each 1 ≤ i ≤ k,∑
x∈Ti
(d(v, x) + d2(v, x)) =
∑
x∈Ti
[1 + d(vi, x) + (1 + d(vi, x))
2]
=
∑
x∈Ti
[2 + 3d(vi, x) + d
2(vi, x)]
= 2ni + 2wTi(vi) + wwTi(vi).
Hence
wwT (r) =
k∑
i=1
∑
x∈Ti
(d(v, x) + d2(v, x))
=
k∑
i=1
[2ni + 2wTi(vi) + wwTi (vi)]
= 2(n− 1) + 2
k∑
i=1
wTi (vi) +
k∑
i=1
wwTi (vi).
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